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Topological matter is characterized by the presence of a topological BF term in its long-distance
effective action. Topological defects due to the compactness of the U(1) gauge fields induce quantum
phase transitions between topological insulators, topological superconductors and topological con-
finement. In conventional superconductivity, due to spontaneous symmetry breaking, the photon
acquires a mass due to the Anderson-Higgs mechanism. In this paper we derive the corresponding
effective actions for the electromagnetic field in topological superconductors and topological con-
finement phases. In topological superconductors magnetic flux is confined and the photon acquires
a topological mass through the BF mechanism: no symmetry breaking is involved, the ground state
has topological order and the transition is induced by quantum fluctuations. In topological confine-
ment, instead, electric charge is linearly confined and the photon becomes a massive antisymmetric
tensor via the Stu¨ckelberg mechanism. Oblique confinement phases arise when the string condensate
carries both magnetic and electric flux (dyonic strings). Such phases are characterized by a vortex
quantum Hall effect potentially relevant for the dissipationless transport of information stored on
vortices.
PACS numbers: 11.10.-z,11.15.Wx,73.43.Nq,74.20.Mn
I. INTRODUCTION
In the last twenty years it has been realized that quan-
tum degrees of freedom can organize themselves into very
robust, gapped, emergent macroscopic states indepen-
dently of any spontaneous symmetry breaking pattern.
This new type of order has been called topological or-
der [1] since it is characterized by typical degeneracies
on topologically non-trivial manifolds.
One of the hallmarks of topological order is that
the low-energy effective field theory for such states in-
volves a topological field theory [2], i.e. a background-
independent quantum field theory. The general idea [1]
is to write the conserved matter current describing the
fluctuations about topologically ordered states as the curl
of a gauge field and to formulate the effective field the-
ory for the fluctuations as a gauge theory. In two spatial
dimensions, the dominant gauge action at long distances
is the famed Chern-Simons term [4, 5], which describes
incompressible quantum Hall fluids and their edge exci-
tations.
Recently, a new topological state of matter in three
dimensions has attracted much interest. This is the
so-called topological insulator [3], realized in materials
which are insulating in the bulk but have gapless metal-
lic edge states. As we have shown in [6] [8] this state
is characterized by a low-energy effective field theory
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containing the topological BF term [2], which is a P -
and T -conserving, higher-dimensional generalization of
the Chern-Simons term, and can be realized ”syntheti-
cally” in fabricated arrays of Josephson junctions. The
relevance of the BF term as an effective low-energy de-
scription of topological insulators has been recently re-
emphasized in [7].
The BF term, however, is not the only possible
marginal term in the effective low-energy action in 3D:
a conventional Maxwell term must be added to fully de-
termine the possible phases of topological matter. The
phase structure is governed by three parameters: the
topological BF coupling and the electric permittivity and
the magnetic permeability of the topological insulator
[8]. These parameters drive the condensation of topolog-
ical defects associated with the compactness of the U(1)
gauge symmetries characterizing the topological order.
The condensation of electrically charged solitons for high
electric permittivity and low magnetic permeability is the
origin of topological superconductivity, the condensation
of magnetic vortex strings for low electric permittivity
and high magnetic permeability causes the material to
undergo a transition to a new state of matter character-
ized by charge confinement.
There are two types of topological insulators: normal
(or weak) topological insulators and strong topological
insulators. In the latter the magnetic vortex strings carry
also electric flux (dyons) [8], giving rise to a quantized θ-
term [10] in the effective action for the edge states in
presence of time-reversal-breaking perturbations. This
θ-term is the origin of the anomalous magneto-electric
response and the magneto-optical properties of strong
2topological insulators [3].
In this paper we shall derive the effective electromag-
netic action induced by the condensation of the topolog-
ical defects in the these new phases of matter. It is well
known that, in conventional superconductors, photons
acquire a mass through spontaneous symmetry breaking
and the Anderson-Higgs mechanism. What is the corre-
sponding effective action in topological superconductors?
And what is the fate of the photon in the topological
confinement phase? We shall show that in topological
superconductors the photon acquires itself a topological
mass via the BF mechanism [9]. There is no Higgs fields,
the degree of freedom that is ”eaten” by the photon is a
scalar mode due to the condensation of electric solitons.
The topological confinement phase is dual to topological
superconductivity: in this case it is the new degree of
freedom arising from the condensation of magnetic vor-
tex strings that ”eats” the original photon via the Stckel-
berg mechanism [11]. This mechanism turns the photon
into a massive antisymmetric tensor that couples to elec-
tric strings between charge-anticharge pairs, thus realiz-
ing linear charge confinement. The dual Meissner effect
confines electric fields into thin tubes between charges:
the motion of these electric strings is governed by a tensor
version of the London equations. In oblique confinement
phases, with a dyonic vortex condensate, the θ-term of
strong topological insulators induces a BF term in the
bulk of the material. As we will show, this induces a new
physical effect which is one of the main results of this pa-
per. This effect is a 3D analogue of the 2D quantum Hall
effect and represents a quantum Hall effect for vortices.
In order to derive these results we shall make use of an
old idea of Julia and Toulouse [12]. The insight of Ju-
lia and Toulouse is that the condensation of topological
defects in solid state media generates new hydrodynami-
cal modes for the low-energy effective theory: these new
modes are essentially the long wavelength fluctuations of
the continuous distribution of topological defects. More-
over, Julia and Toulouse proposed also a generic pre-
scription to identify these new modes. However, in the
framework of ordered solid-state media, it is difficult to
write down an action for the phase with a condensate of
topological defects due to the non-linearity of the topo-
logical currents, the lack of gauge invariance, and the
need to introduce dissipation terms. On the other side,
the Julia-Toulouse prescription is sufficient to fully de-
termine the low-energy action due to the condensation
of topological defects in generic compact antisymmetric
field theories, for which none of the above problems is
present [13]. This is exactly what is needed to deter-
mine the effective electromagnetic actions of topological
matter.
For ease of presentation of the key principles we shall
use relativistic notation in Euclidean space-time, and
units in which ~ = 1, c = 1.
This paper is organized as follows. In Section II we
give a brief introduction to the relevant topological field
theory describing 3D topological states of matter. In Sec-
tion III we present the results for the induced action in
the electric and magnetic condensation phases, in par-
ticular we show how U(1) confinement phase arises via
the Stu¨ckelberg mechanism. We show also how a vortex
Quantum Hall effect takes place if the condensed mag-
netic vortices also carry electric field. Section IV is de-
voted to a few concluding remarks.
II. 3D TOPOLOGICAL MATTER
The topological BF action is the field theory descrip-
tion of 3D Abelian topological states of matter. It can
be defined in any space-time dimensions (D + 1) [2] as
the wedge product of a p-form a and the curvature db of
a (D-p) form b:
SBF =
k
2π
∫
MD+1
ap ∧ dbD−p , (1)
where k is a dimensionless coupling constant. This ac-
tion has a generalized Abelian gauge symmetry under the
transformation
b→ b+ η , a→ a+ ξ ,
where η and ξ are a closed p and a closed (D-p) form,
respectively. If we add a kinetic term for the ap form and
the bD−p form, we see that the BF term is the generaliza-
tion to any number of dimensions of the Chern-Simons
mechanism for topological mass generation:
STM =
∫
MD+1
k
2π
ap ∧ dbD−P −
1
2e2
dap ∧ ∗dap +
+
(−1)D−p
2g2
dbD−p ∧ ∗dbD−p ; (2)
which describes a theory with topological mass given by
m = keg
2pi
.This topological mass plays the role of the gap
characterizing topological states of matter.
For applications to condensed matter systems we are
considering a a 1-form, namely p = 1. Moreover, since
[g2] = mD−1, in D = 3 the kinetic term for the b2 form is
irrelevant and the low-energy effective action for topolog-
ical matter [6] [8] is written in terms of two gauge fields,
a one-form aµ and a two-form bµν as:
S =
ik
4π
∫
d4x bµνǫµναβfαβ +
1
4e2
∫
d4x fµνfµν . (3)
Here fµν = ∂µaν − ∂νaµ is the field strength associated
with aµ and k (the BF coupling) and e are dimensionless
couplings. The idea is that
jµ =
k
2π
ǫµναβ∂νbαβ ,
φµν =
k
32π2
ǫµναβ∂αaβ , (4)
3are the conserved charge and magnetic flux currents rep-
resenting the low-energy fluctuations about a topolog-
ically ordered state and (3) is the most general gauge
invariant marginal action for these degrees of freedom.
The action (3) has two U(1) gauge symmetries under
the transformations:
aµ → aµ + ∂µξ ,
bµν → bµν + ∂µξν − ∂νξµ . (5)
The important point is that, for topologically ordered
states, these gauge symmetries are compact and the com-
pactness of the U(1) gauge group, as usual, leads to the
presence of topological defects. As is beautifully ex-
plained in [14], the compactness of U(1) gauge groups
inevitably introduces a mass scale, the compactification
radius of the gauge fields. Typically, this UV cutoff arises
from spontaneous symmetry breaking from a larger, non-
Abelian compact group down to U(1) on a given mass
scale m. From the point of view of the U(1) effective
field theory on energy scales much smaller than m, the
topological defects can be viewed essentially as singulari-
ties of dimension (d−h−1) in Rd+1, where h is the degree
of the associated antisymmetric form [13]. In the present
case this amounts to point-like electric solitons associated
with the two-form bµν and string-like magnetic vortices
associated with the one-form aµ. The low-energy effec-
tive action is then well-defined only outside these singu-
larities, which contain lumps of energy (action) involving
higher-lying fields.
For topological matter the relevant singularities arise
from the compactness of the BF term [6] [8] and are due
to the periodicities of the gauge fields in this term, ex-
actly as in the well-known example of compact QED [14].
They can be taken into account in the action by coupling
the gauge fields to currents representing the world-lines
of point-like electric solitons and the world-surfaces of
infinitely thin magnetic vortices.
S → S + ik
∫
d4x aµJµ + bµνΦµν , (6)
where the singular currents are such that
∫
S3
d3x J0 = integer ,
∫
S2
d2x niΦ0i = integer , (7)
where S3 is any three-sphere containing the electric sin-
gularity and S2 is any two-sphere on a plane perpendic-
ular to the unit direction n of the flux vortex.
In order to derive the effective action for the electro-
magnetic field in topological matter we couple the charge
and flux modes to it,
S → S +
∫
d4x ieAµjµ + iφFµνφµν , (8)
where e is the electron charge and the second coupling
represents a time-reversal-breaking term due to possible
electric field-carrying dyonic vortices. A Gaussian inte-
gration over the matter modes aµ and bµν gives the elec-
tromagnetic effective action in the presence of topological
defects. This Gaussian integration is best performed by
adding an infrared irrelevant kinetic term
Sreg =
1
12g2
∫
d4x hµναhµνα , (9)
as an ultraviolet regulator. Here hµνα = ∂µbνα+∂νbαµ+
∂αbµν is the field strength associated with the two-form
gauge field bµν and g is a coupling with dimension mass.
This regulator term makes the quadratic kernels well de-
fined by inducing a mass m = egk/π for all fields. This
mass can then be removed again after the integration by
letting g →∞, giving the result
Seff =
∫
d4x
1
4
(
Fµν −
4π
e
Ψµν
)(
Fµν −
4π
e
Ψµν
)
+
∫
d4x
(
i
θ
32π2
Fµν − iekIµν
)
ǫµναβ
(
Fαβ −
4π
e
Ψαβ
)
,(10)
where Jµ = 2ǫµναβ∂νIαβ , Ψµν = ǫµναβΦαβ and θ =
keφ/2. When the topological excitations satisfy the
Dirac quantization condition keφ/2π = integer the θ pa-
rameter becomes quantized in integer units of π, θ = nπ,
n ∈ Z and time-reversal symmetry is restored.
III. EFFECTIVE ACTION INDUCED BY THE
CONDENSATION OF TOPOLOGICAL DEFECTS
At this point we are ready to apply the Julia-Toulouse
prescription [12] [13] to derive the effective action in
the topological phases. Let us begin with the topolog-
ical superconductor phase, in which the magnetic vor-
tices are dilute, whereas the electric solitons condense.
In this case we can set Ψµν = 0, whereas the prolif-
erating singularities carrying the delta-like current den-
sities Iµν get promoted to a continuous two-form anti-
symmetric field Bµν defined on the whole space, with-
out singularities: −iIµν → Bµν . The kinetic term for
these new degree of freedom is given to lowest order
by the square of the three-form field strength Hµνα =
∂µBνα + ∂νBαµ + ∂αBµν :
STSeff =
∫
d4x iπk BµνǫµναβFαβ +
1
4
FµνFµν
+
∫
d4x
1
12Λ2
HµναHµνα , (11)
where we have used gauge invariance to reabsorb a pos-
sible θ-term into the new two-tensor degree of freedom
and Λ is a new mass scale describing, essentially, the
average density of the condensed charges. This action
describes a topologically massive photon [9] with quan-
tized mass m = 4πkΛ. Gauge invariance insures that the
antisymmetric Kalb-Ramond field [2] embodies a single
4scalar degree of freedom: it is this scalar degree of free-
dom that is ”eaten” by the original photon which thereby
becomes massive. The Kalb-Ramond scalar, however is
in no way tied to any symmetry breaking mechanism; it
arises only as a consequence of quantum mechanical con-
densation of topological excitations, in analogy to the
famed Kosterlitz-Thouless transition [15] or the confin-
ing transition in 3D QED [14]. This is the mechanism of
topological superconductivity [9].
Let us now proceed to the dual situation, in which
electric solitons are dilute whereas magnetic vortices con-
dense. In this case it is the magnetic singularities em-
bedded in Ψµν that get promoted, to a new continuous
antisymmetric form Bµν on the whole space, without sin-
gularities, (4π/e)Ψµν → Bµν , giving
STCeff =
∫
d4x
iθ
32π2
Fµνǫµναβ (Fαβ −Bαβ)
+
∫
d4x
1
4
(Fµν −Bµν) (Fµν −Bµν)
+
1
12Λ2
HµναHµνα . (12)
The original field strength Fµν can now be reabsorbed
into the new field Bµν by a gauge transformation (5):
Bµν → Bµν + Fµν . The electromagnetic effective action
becomes thus
STCeff =
∫
d4x
iθ
32π2
BµνǫµναβFαβ +
1
4
BµνBµν
+
1
12Λ2
HµναHµνα . (13)
In exact opposition to what is happening in topological
superconductors, here it is the new degrees of freedom
arising from the condensation of topological defects that
”eat” the original photon to become a massive (m = Λ)
two-form Kalb-Ramond field, which also contains three
independent massive degrees of freedom. This is the
Stu¨ckelberg mechanism [11] which is dual to the Higgs
mechanism. Also in this case no symmetry breaking is
involved, the new degrees of freedom arise purely from
the quantum condensation of topological defects.
The question arises as to what exactly characterizes
this new phase of matter. This question can be readily
answered by calculating the Wilson loop order parameter
with the effective action (13). The Wilson loop is the
typical (non-local) order parameter which characterizes
the behavior of gauge theories. It is defined as
W (C) =< exp i
∫
C
dxµAµ > , (14)
where C denotes a closed loop. Actually, the Stu¨ckelberg
mechanism implies that the massive Kalb-Ramond field
couples to antisymmetric tensor currents ωµν such that
2∂νωµν = jµ, where jµ is the original charged matter
current. This implies that the Wilson loop is turned by
the Stu¨ckleberg mechanism into a Wilson surface order
parameter
W (S) =< exp i
∫
S
dxµ ∧ dxνBµν > , (15)
where S is a surface whose boundary is C. The mass term
for the Kalb Ramond field then implies the area-law
W (S) = exp (−TA(S)) , (16)
where A(S) is the area of the surface S and the string
tension T is determined by the new mass scale as T =
Λ2K0(Λǫ)/4π where K0 is a Bessel function and ǫ is
the ultraviolet cutoff [13]. An area-law for the Wilson
loop order parameter implies a linear potential between
charges, which is tantamount to confinement: electric
fields cannot penetrate the medium and are squeezed into
thin tubes (strings) that cause the charges at the end of
these tubes to be linearly bound into neutral pairs. The
tensor current of such electric flux tubes is exactly the
field ωµν coupling to the Kalb-Ramond gauge field. This
is one of the most important results in this paper: topo-
logical matter with a compact BF term can realize U(1)
confinement via the Stu¨ckelberg mechanism.
Just as the Meissner effect implies the London equation
jind ∝ A for the induced current in superconductors, con-
finement implies a corresponding ”tensor London equa-
tion” for the electric flux tubes in the confinement phase.
The induced electric flux tube current in this phase can
be obtained as the functional derivative of the effective
action with respect to Bµν . The dominant part of this
current (for θ = 0) is given by
ωindµν =
δ
δBµν
STCeff =
1
4
Bµν (17)
which translates into the following gauge invariant equa-
tions
H˜µ = 2ǫµναβ∂νω
ind
αβ . (18)
A very interesting new effect arises in confinement
phases, in which the condensed magnetic vortices also
carry electric field. Such confinement phases with a dy-
onic vortex condensate are customarily called ”oblique
confinement phases” and they arise as ”daughters” of
strong topological insulators. In such phases there is an
additional BF term in the effective electromagnetic ac-
tion, which is the descendant of the original θ-term of
the parent strong topological insulator and arises from
a direct coupling of the vortex current φµν to the new
gauge tensor field Bµν [8]. This BF term represents a
vortex quantum Hall effect for strings that carry both
magnetic and electric flux. It can be equivalently char-
acterized by one of the following two equations for the
induced magnetic and electric flux currents
φHallij =
θ
16π2
ǫijkEk ,
ωHallij =
θ
16π2
ǫijkBk . (19)
5An external electric field induces a magnetic vortex cur-
rent perpendicular to both the applied electric field and
the direction of the magnetic flux. An external magnetic
field induces an electric flux tube current perpendicular
to both the applied magnetic field and the direction of
the electric flux. The vortex Hall conductivity is quan-
tized: σH = n/16π, n ∈ Z. It is conceivable that this
vortex quantum Hall effect might find an application for
the dissipationless transport of information stored on dy-
onic vortices in oblique confinement phases.
IV. CONCLUSIONS
In this paper we have used the Julia-Toulouse mech-
anism to derive the effective action for the electromag-
netic field in the topological superconductor and topolog-
ical confinement phase of 3D topological states of matter
characterized by the presence in their action of a topolog-
ical BF term. This allowed us to derive what is the fate of
the photon in these new states of matter. In conventional
superconductors, photons acquire a mass through spon-
taneous symmetry breaking. In the topological super-
conducting phase, instead, mass arises as a consequence
of quantum mechanical condensation of topological ex-
citations. The antisymmetric Kalb-Ramond field, that
embodies a single scalar degree of freedom, is ”eaten” by
the original photon that become thus massive. In the
confinement phase instead, is the new degrees of freedom
arising from the condensation of topological defects that
”eats” the original photon to become a massive two-form
Kalb-Ramond field: this is the Stu¨ckelberg mechanism
which is dual to the Higgs mechanism. No spontaneous
symmetry breaking is required in these topological mech-
anisms.
In the oblique confinement phases, in which the con-
densed magnetic vortices also carry electric field an inter-
esting effect occurs: an additional BF term is present in
the effective electromagnetic action. This is the descen-
dant of the original θ-term of the parent strong topolog-
ical insulator, and gives rise to a vortex quantum Hall
effect for dyonic strings.
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